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The impact of premix nozzle shape on combustion stability in a geometry rep-
resentative of an annular low-emission combustor is investigated by a combination of
numerical and analytical means. For three elliptical premix nozzle geometries with vary-
ing eccentricity, the flame shape is computed with computational fluid dynamics using
a standard stationary Reynolds-averaged formulation with Reynolds-Stress and turbu-
lent flame speed closure models. From the CFD solution, the time lags for convective
transport from the fuel injector to the flame front are determined through Lagrangian
particle tracking. Interpreting the histograms of particle arrival times as the unit impulse
response of fuel consumption to a perturbation of fuel injection, the corresponding fuel
transport frequency response F (ω) is computed and used to achieve closure for a linear
acoustic model of the behavior of a compact premix flame. Using this model for the
flame dynamics in a network model of linear acoustics in annular geometries, the impact
of nozzle shape and fuel transport time lag distribution on the thermo-acoustic stability
of a premixed combustor is explored. For the configurations investigated, the elliptical
premix nozzles produce wider time lag distributions with smaller mean values than the
circular base configuration and are less prone to combustion instabilities.

Introduction

Combustion instabilities in premixed systems are a
very active field of research of great applied signifi-
cance for stationary as well as airborne gas turbines
and other combustion devices. Fundamental investi-
gations of the mechanisms leading to instabilities, the
thermo-acoustic characteristics of enclosed premixed
flames as well as passive or active means of instability
control are being investigated by experimental, numer-
ical and analytical means.

Fluctuations of the fuel equivalence ratio have been
identified as one possible cause for combustion instabil-
ities.1–5 For this mechanism, the time required for fuel
particles to travel from the fuel injector to the flame
front – simply referred to as the fuel time lag in this
paper – is the dominant stability parameter. Detun-
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ing the time lag relative to the combustor’s acoustic
eigenmodes is one viable means of passive control.2,5

However, it is practically impossible to detune the fuel
time lag with respect to all eigenmodes of a combus-
tor. It follows that a change in mean fuel time lag, e.g.
by shifting the location of fuel injection, may stabilize
one mode while rendering another mode unstable.

Sattelmayer6 has emphasized that not only the
mean time lag controls combustion stability, but also
the distribution of the time lag resulting from convec-
tive dispersion of injected fuel. In general, widening
the time lag distribution weakens the feedback loop
between combustor acoustics, fuel concentration and
heat release rate fluctuations and should reduce the
propensity towards thermo-acoustic instability. Stag-
gering the fuel injection within one burner2 or using
different types of burners in one combustor5 therefore
appears to be a rather robust method of control.

Another method of passive control that has been
investigated is the use of non-circular fuel nozzles or
burners5,7 with the rationale that breaking the az-

1 of 11

American Institute of Aeronautics and Astronautics Paper 2001-2104



Fig. 1 Flame shape for different nozzle geometries. Left: base configuration (a:b = 1.0). Middle: elliptical
nozzle outlet with a:b = 1.5. Right: a:b = 2.0.

imuthal symmetry of the swirling flow exiting a nozzle
suppresses the growth of large scale coherent vortical
structures, which could otherwise strongly modulate
the rate of heat release in a periodic fashion. The
importance of large scale vortical coherent structures
for combustion has been emphasized in an extensive
review by Coats.8 Coherent structures modulate the
mixing of fuel, oxidizer and combustion products and
thereby can influence the rate of heat release as well
as formation of pollutants like NOx or soot. In practi-
cal combustion devices, coherent structures may form
principally in two ways: 1) fluctuation of the bulk ve-
locity of a separating flow injects vorticity into the
flow at a non-uniform rate. The injected vorticity ag-
glomerates into a coherent vortex due to self-induction.
2) inherent fluid-dynamic instabilities characteristic of
the base flow grow into large-amplitude vortical struc-
tures. In the context of combustion instabilities, co-
herent structures may be interpreted as a root cause of
an instability in the latter case, while they may act as
a strong mechanism of amplification in the first case.

From the point of view of a burner or combustor
designer, swirling flows are of particular importance.
Unfortunately, studies of coherent structures in react-
ing swirling flows are scarce. In a strongly swirling
flow with vortex breakdown, as one might find it in a
modern low-emission premix burner, a precessing vor-
tex core and asymmetric axial velocity distributions
were observed.9,10 Coats comments that a helical sec-
ondary vortex is associated with the precessing vortex
core, possibly resulting from the excitation of a he-
lical instability mode of the flow. This aspect has
been further explored by Paschereit et al., who inves-
tigated fluid dynamic instabilities in a swirl-stabilized
experimental premix burner by experimental and an-
alytical means.11,12 Linear stability analysis using
a spectral collocation method was applied to mea-
sured profiles of axial and tangential velocity at the

burner dump plane. The computations confirmed ob-
servations made in non-reacting flow, i.e. the flow is
susceptible to both helical and axisymmetric distur-
bances. The most strongly amplified instability mode
is the counter-rotating helical one. In an atmospheric
combustion test rig, thermo-acoustic combustion in-
stabilities were observed with symmetry and Strouhal
numbers corresponding to the non-reacting case. The
helical mode, while clearly the dominant fluid-dynamic
instability, produced lower combustion noise than the
axisymmetric mode. This is explained by observing
that non-axisymmetric acoustic modes are evanescent
at the comparatively low frequency of the helical in-
stability.

In non-circular jets, the growth of coherent struc-
tures is often strongly suppressed due to vortex de-
formation and self induction processes in the non-
axisymmetric flow field, which leads to early breakup
of coherent structures, increased entrainment and en-
hanced fine-scale mixing.7 In several applications
including combustion, the use of non-circular nozzle
geometries has been found to provide a powerful yet
inexpensive means of (passive) instability control.7 A
first successful application of this technique to a swirl-
stabilized premix burner has already been reported,5

however, the mechanism by which the “asymmetrical
burner outlet” reduces combustion instabilities has not
yet been identified precisely.

The present paper contributes to the development
of a consolidated view on the two control methods
discussed above, i.e. modulating the time-lag and
employing non-circular nozzles. It is argued that dif-
ferences in flame shape between a circular and non-
circular burner will in general also result in a different
time lag distribution and thereby alter combustion sta-
bility characteristics. A combined analytical and nu-
merical approach is developed: CFD simulations of the
reacting flow field in circular and non-circular versions
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Fig. 2 Unit impulse response of the fuel injection for a (from left to right) circular, elliptic with a:b = 1.5
and elliptic with a:b = 2.0 combustor inlet.

of a burner of generic design are performed in order to
determine the respective time lag distributions by La-
grangian particle tracking. The distributions obtained
in this manner can be used in linear stability analysis,
using a network model of the combustor.1,6, 13–17 For
this purpose, the time lag distribution is interpreted as
the unit impulse response of convective fuel transport,
i.e. the response of fuel consumption at the flame to a
unit impulse perturbation of fuel injection. In princi-
ple, this approach allows a quantitative prediction of
the impact of fuel time lag distributions of arbitrary
shape on combustion stability. In the light of the re-
sults obtained, the explanations offered until now for
the impact of non-circular nozzle geometries on com-
bustion stability, are critically appraised.

CFD Model and Results
Model Details

The burner geometry investigated is of generic
design: from a ”mixing tube” with varying cross-
sectional shape, a swirling flow enters a cavity, which
represents a segment of an annular combustor of a
medium-size stationary gas turbine. The radius of the
combustor annulus is of the order of 1 m, its axial
extent is one half of this value. It is implied that a
swirler/ fuel injector is located just upstream of the
computational domain; experimentally measured pro-
files of axial and circumferential velocity components
as well as estimates for turbulent intensity and length
scale are set accordingly at the inlet plane. In the re-
acting flow simulation, the fuel-air mixing process is
not resolved in detail, as it is assumed that the fuel-
air mixture is well homogenized before it reaches the
flame front.

The mixing tube is of circular cross section at the
upstream end, while it is elliptical – with varying
aspect ratio a:b of major to minor axis – at the down-
stream side. In studies of flow control with non-
circular jets, aspect ratios of typically 5:1 and as large
as 20:1 have been employed.7 However, in the present
case the nozzle flow possesses significant swirl, and it
was feared that with high aspect ratios flow separation
and local recirculation in the apices of the elliptical

nozzle might occur. Therefore the maximum aspect ra-
tio a:b investigated in this study equals 2; CFD results
indicate that the swirling flow is well able to follow the
shape of such a nozzle. The area of the elliptic nozzle
outlets was the same as its circular counterpart so that
no change in the mean flow velocity is induced by the
distortion of the nozzle shape.

In order to numerically calculate the reacting flow,
the domain has been discretized on a block structured
hexagonal grid for use with the commercial CFD pack-
age FLUENT. The grid has been partly refined for the
purpose of accurately resolving the swirling flow. This
leads to grid cells the size of less than 0.5mm and a
total number of more than 700000 cells, thus the grid
has not been depicted here.

It should also be mentioned that the simulation was
performed incompressibly in the sense, that the den-
sity is computed from the equation of state using the
temperature – computed from the combustion progress
variable c – and the mean operating pressure. The tur-
bulent flow and reaction progress are computed with
a standard Reynolds-Stress turbulence model (RSM)
and the TFC combustion model.18,19 The TFC model
uses a correlation for the turbulent flame speed, which
involves the laminar flame speed, turbulent intensity
and length scale, a critical stretch rate and various
material properties. Laminar flame speeds are deter-
mined from computations of one-dimensional laminar
premix flames with detailed chemistry for methane-air
combustion with an oxidizer to fuel ratio φ = 0.45.
The critical rate of strain gcr is difficult to determine
for high pressures,20 therefore it has been set to a very
high value gcr → ∞, effectively neglecting the effects of
turbulent stretch on flame propagation. Given that the
present study investigates a generic situation, this ap-
proximation is justifiable. Turbulence properties and
material parameters required for the correlation are
taken (locally) from the CFD simulation.

The subject of the present work is combustion insta-
bility, it might appear inappropriate that an incom-
pressible, Reynolds-averaged, steady state approach
was chosen. However, the goal of the CFD studies was
to determine the flame shape and the corresponding
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distribution of fuel transport time lags (see below) re-
sulting from the different nozzle geometries. The time
lag distribution is then used in subsequent thermo-
acoustic stability analysis (see below).

Influence of Nozzle Geometry on Flame Shape
and Time Delay Distribution

Figure 1 shows calculated flame shapes (iso-surfaces
c = 0.8 of the calculated progress variable) for circular
respectively elliptical combustor inlets with different
aspect ratios. It impressively demonstrates the strong
influence of the premix nozzle shape on the spatial dis-
tribution of heat release. While the flame surface in
the combustor with the conventional circular inlet is a
nearly symmetrical cone, with increasing aspect ratio
the shape appears more and more three-dimensional
and convoluted. One should expect that correspond-
ingly the distribution of the time lag for convective
transport from the fuel injection, i.e. in this case the
inlet of the computational domain, to the flame front
should become wider with increasing aspect ratio. Ide-
ally, the distribution is represented by a δ-peak at the
beginning of the mixing tube and widens as the fuel is
transported convectively downstream.

In Figure 2, the fuel transport time lag distributions
for the three cases with aspect ratios a:b = 1, 1.5 and 2
are presented as histograms. From the stationary ve-
locity fields, the time lag distributions are determined
through Lagrangian particle tracking. To this pur-
pose, a cloud of massless particles, distributed evenly
across the inlet area (upstream side of the premix noz-
zle) at time τ = 0, is convected by the flow field until
all particles have reached the flame front. The arrival
times are recorded to construct histograms as shown
in Figure 2. In order to achieve good statistics, 1200
particles are released. As expected, with increasing as-
pect ratio a:b of the ellipses, the time lag distribution
gets wider and its peak lower.

Figure 3 depicts the product formation rate (reac-
tion rate) averaged over combustor cross-sectional area
vs. distance from the combustor dump plane. Clearly,
the flame corresponding to the circular inlet is more
compact. Figure 3 also shows that the heat release is
concentrated in a region, which is much shorter than
acoustic wavelengths up to frequencies of 1 kHz, say,
i.e. for all three geometries investigated the flame
may be approximated as an acoustically compact flame
sheet (see the next Section).

a:b µ σ Stand f Cycle
[ms] [ms] Off [Hz] Incr.

[mm] [%]
1.0 1.83 0.243 58 877 1.69
1.5 1.82 0.244 63 883 −4.66
2.0 1.78 0.316 63 880 −12.42

Table 1 Results for the time lag distribution, flame
stand off and first eigenmode
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Fig. 3 Distribution of the product formation rate
(reaction rate). solid line: a:b = 1.0; dashed line:
a:b=1.5; dash-dotted line: a:b = 2.0.

Table 1 gives an overview of the CFD results in
terms of mean value µ and standard deviation σ of
the time lag distributions as well as the flame stand-
off lF . The latter is defined as the center of mass of
the area under the curves in Fig. 3 and is one of the
input parameters to the acoustic network model of the
combustor discussed in the next Section.

Network Model of a Premixed
Combustor

Linear Acoustics in an Annular Combustor

A simple yet quantitative network model of linear
acoustics in a premixed combustor is now constructed.
The combustor corresponds to the generic design of an
annular combustor investigated with CFD in the pre-
vious Section, see Fig. 4. A very similar configuration
has been used by Polifke et al.16 in an investigation
of the interference of acoustic and entropy waves in a
premixed combustor with a choked exit and by Sattel-
mayer6 in a study of the influence of convective wave
dispersion on combustion stability. More details on
the model formulation and additional discussion of the
stability of plane and higher order eigenmodes in this
annular combustor as well as the response to an fluid-
dynamic excitation mechanism have been published by
Polifke et al.17

From a plenum, air enters a swirler and fuel injection
section ”1”, passes through a mixing section of length
Lτ until it encounters at ”2” an expansion in cross
sectional area with the area ratio α ≡ A2/A3. The
flame front is located between ”4” and ”5”, a short
distance from the dump plane. At the combustor exit
”6”, a compact choked nozzle is located.

Propagation of acoustic waves through this system
can be modeled with the following set of equations:
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Fig. 4 Quasi-2D model of a premixed annular com-
bustor. ”0” - upstream plenum, ”1” location of fuel
injection, ”1”-”2” fuel/air mixing section, ”2”-”3”
jump in cross-sectional area, ”3”-”4” cold section
of combustor (flame stand-off distance), ”4”-”5”
flame sheet, ‘’5”-”6” hot section of the combus-
tor, ”6” exit nozzle. The acoustic disturbances
traveling in the down- and upstream direction are
indicated as f and g (”Riemann Invariants”).

Upstream boundary (”1”)
The difference in mean pressure p between the

burner plenum ”0” and the location of fuel injection
”1” can be described by

p1 − p0 = −ζ

2
ρu2

1,

with a pressure loss coefficient ζ. Linearizing this rela-
tion and assuming that in the burner plenum acoustic
fluctuations of the pressure are absent, p′0 = 0, an up-
stream boundary condition is obtained:

p′

ρc

∣∣∣∣
1

= −ζM1u
′
1. (1)

Primed quantities “ ′” denote acoustic variables, i.e.
small deviations from the respective mean values.

Area Change (”2” – ”3”)
Conservation of mass and momentum across the

change in cross-sectional area at the burner dump
plane with area ratio α = A2/A3 yields after lineariza-
tion:

p′

ρc

∣∣∣∣
3

=
p′

ρc

∣∣∣∣
2

− ζAM3u
′
3 (2)

u′
3 = αu′

2 (3)

where a Borda-type pressure loss coefficient ζA ≡ (1−
1/α)2 has been introduced.

Compact Premix Flame (”4” – ”5”)
The zone of heat release in the combustor is modeled

as a flame sheet, i.e. as a discontinuity of negligible
thickness where per unit area heat is added at a certain
rate Q̇ [W/m2]. Linearizing the Rankine-Hugoniot
relations, which express conservation of mass, momen-
tum and energy across the discontinuity, the following

relations coupling fluctuations of velocity and pressure
on both sides of the flame sheet are derived:

u′
5 = u′

4 + u4Θ

(
Q̇′

Q̇
− p′4

p4

)
, (4)

ξ
p′

ρc

∣∣∣∣
5

=
p′

ρc

∣∣∣∣
4

− u4M4Θ

(
Q̇′

Q̇
+

u′
4

u4

)
, (5)

with a temperature raise coefficient Θ ≡ T5/T4 − 1.
Density ρ and speed of sound c change across the flame
sheet, therefore it is necessary to introduce the ratio
of specific impedances ξ ≡ ρ4c4/ρ5c5. With the nota-
tion chosen in (5), it is evident that the pressure drop
across the flame sheet is of first order in Mach number,
corrections to (5) are second order in Mach number.
One can also show that the contribution of pressure
fluctuations to (4) is of first order in Mach number.

The coupling relations (4) and (5) are not yet closed
as they involve the fluctuations Q̇′ of the heat release
rate, which must be expressed in terms of pressure or
velocity fluctuations. The closure assumptions used
in the present analysis are based on time-lagged fuel
equivalence ratio modulations, linking fluctuations of
velocity at the fuel injector at an earlier time t − τ to
variations of the heat release rate Q̇′(T ). This will be
discussed in detail in the next Section, where the flame
transfer matrix is derived.

Exit condition (”6”)
The boundary conditions for the choked combustor

exit are taken from work of Marble and Candel21

u′
6 = M6

γ − 1
2

p′

ρc

∣∣∣∣
6

, (6)

where γ ≡ cp/cv denotes the ratio of specific heats.

Wave propagation (”1” - ”2”, ”3” - ”4”, ”5” - ”6”)
With harmonic acoustic waves traveling back and

forth in an annular duct of length l, the following re-
lation holds between the fluctuations of pressure and
velocity at the downstream (”d”) and upstream (”u”)
ends:(

p′

ρc

∣∣∣
d

u′
d

)
=

(
cos(kxl) i sin(kxl)
i sin(kxl) cos(kxl)

) (
p′

ρc

∣∣∣
u

u′
d

)
,

(7)
The axial wave number is determined from

k2
x =

(ω

c

)2

− k2
⊥, (8)

where the perpendicular wave number k⊥ is non-zero
only for higher order acoustic modes. Corrections due
to the mean flow, which are of second order in Mach
number for the pressure and velocity fluctuations, are
neglected.

For numerical solution of this set of equations, the
model is conveniently formulated in terms of the Rie-
mann invariants f and g instead of the fluctuations of
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pressure p′ and velocity u′. The Riemann invariants
f, g – sometimes also referred to as p′+ and p′− – are
fundamental solutions of the wave equation and may
be interpreted as acoustic waves traveling in the pos-
itive (downstream) or negative (upstream) direction,
respectively.1 The following relations hold between
fluctuations of velocity u′ and pressure p′ and the Rie-
mann invariants

p′

ρc
= f + g, (9)

u′ = χ(f − g), (10)

where χ =
√

1 − (k⊥/k)2 for higher order acoustic
modes. More details on the formulation of the above
system of equations with the Riemann invariants are
given in Polifke et al.17 .

Entropy waves are not considered in the present
study, although a complete thermo-acoustic analysis
of a combustor with choked exit should include en-
tropy waves.17 However, it is felt that for the present
purposes the inclusion of entropy waves would only re-
sult in extra complexity without providing the benefit
of additional insight.

Closure of the flame sheet model.

The linearized Rankine-Hugoniot relations across
the flame sheet (4) and (5) describe how fluctuations
of the heat release rate Q̇′ couple with the combus-
tor’s acoustic modes. In order to obtain a closed
homogeneous system of equations characterizing the
thermo-acoustic stability of the combustor, it is neces-
sary to express in turn the heat release fluctuations in
terms of acoustic variables u′ and p′. In this work, it is
assumed that inhomogeneities in fuel mass fraction Y ′

F

caused by fluctuations of pressure p′1 and velocity u′
1

at the fuel injector control the momentary heat release
rate Q′. Ignoring for the moment convective dispersion
of fuel inhomogeneities, the coupling between fluctua-
tions in velocity and pressure at the fuel injector and
heat release rate may be described by the following
expression:

Q̇′(t)
Q̇

= −1
2

p′1(t − τ)
∆p

− u′
1(t − τ)
u(x1)

. (11)

Here the unprimed quantities denote mean values, and
∆p = pNozzle − p1 is the mean pressure drop across
the fuel injector. A time lag τ must be introduced here
because the heat release rate will not respond instan-
taneously to fluctuations of fuel mass fraction Y ′

F , but
only after the inhomogeneities have been convected
from the fuel injector to the region of heat release.

The first term on the r.h.s of (11) is due to variations
in fuel mass flow rate ṁ′

F caused by pressure fluctu-
ations. A minus sign appears in front of the pressure
term in (11), because a momentary increase of pres-
sure in the premixing duct reduces the fuel mass flow

rate,
ṁ′

F

ṁF
= −1

2
p′2
∆p

, (12)

In premixed low-emission combustion systems, the
pressure drop ∆p is often quite large in order to pro-
vide sufficient momentum for rapid mixing of fuel and
combustion air. In this case, the fuel injection system
is ”stiff”, i.e. the fuel injection rate does not respond
significantly to acoustic perturbations. Therefore, the
first term on the r.h.s. of (11) is neglected in the
present analysis.

Nevertheless, acoustic perturbations of the air flow
u′

1 at the fuel injector will cause fluctuations of fuel
mass fraction Y ′

F and subsequently variations in heat
release rate Q′. This phenomenon is accounted for by
the second term in (11). The minus sign is appropriate,
because a momentary increase in air flow past the fuel
injector will lower the fuel concentration and lead to a
corresponding reduction of the heat release rate.

As already mentioned, this reduction does not occur
instantaneously, but after a time lag τ . The mean
time lag can be estimated as the residence time in the
fuel-air mixing section and the ”cold” section of the
combustor upstream of the flame, i.e.

τ ≈ Lτ

u1
+

LF

u3
, (13)

where u1 and u3 are mean velocities based on the av-
erage volume flux and the respective cross-sectional
areas of mixing tubes and combustion chamber. For
harmonic perturbations ∼ exp(iωt) with angular fre-
quency ω, this leads to the following closure relation:

Q̇′

Q̇
= e−iωtu

′
1

u1
. (14)

However, Sattelmayer6 has demonstrated that this
idealized formulation, which ignores convective dis-
persion of fuel inhomogeneities, is appropriate for the
analysis of real combustion systems only at sufficiently
low frequencies. Boundary layers, recirculation zones,
etc., result in non-uniform distributions of velocity in
the mixing section and the combustor, resulting in
significant ”smearing out” of fuel (or entropy) inho-
mogeneities. Turbulent fluctuations contribute also to
the dispersion of convectively transported quantities.
Furthermore, a flame sheet of axial extent l, which may
be considered acoustically compact, l � λ = c/f at
a certain frequency f may very well be not compact
for convective waves due to the much shorter wave-
length u/f of convective waves, resulting also in a more
smeared out response of the heat release rate to per-
turbations of the fuel concentration generated at the
injector.

As a consequence, a distribution of delay times must
be considered instead of one single delay time τ (rep-
resenting the limiting case of a δ-distribution) when
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determining the closure relations for the heat release
fluctuations. To this purpose, Sattelmayer6 has as-
sumed a certain idealized shape for the distribution
of delay times, characterized by a mean time lag τ̄ , a
width ∆τ and a ”slope parameter” ∆C. The Laplace
transform of the presumed distribution of delay times
then yields in analytical form the frequency response
between equivalence ratio modulations at the fuel in-
jector and heat release rate required for closure.

Unfortunately, the distributions of delay times
found with CFD (see Fig. 2) do not much resemble
the time lag pdf presumed by Sattelmayer.6 Clearly, a
more general formulation is called for, which is able
to handle arbitrary distributions of the time delay.
The required mathematical tools have been developed
in communications engineering, in particular system
identification.22,23 These methods have been applied
to thermo-acoustic problems by Polifke et al. in an
effort to reconstruct the transfer matrix of a heat-
source with time lag from instationary CFD compu-
tations.24,25 Using this formalism, the response )h of
the fuel mass fraction at the flame front to a ”unit
impulse” perturbation of the fuel mass fraction at
the injector is the fundamental quantity to describe
the propagation and dispersion of the convective ”fuel
wave”. A little consideration shows that indeed the
time lag histograms obtained from particle tracking in
the CFD model may be directly interpreted as the unit
impulse responses )h. The frequency response F (ω) of
convective fuel transport is then computed as the z-
transform of )h with argument z = iω∆t:

F (ω) =
∞∑
0

hke
−iω∆tk. (15)

Here ∆t is the width of the bins in the time lag his-

togram, hk the value of the kth bin. Of course, in
practice the summation extends only over bins with
non-zero entries. The frequency response F (ω) can be
determined easily numerically for arbitrary time lag
distributions / unit impulse responses )h and frequen-
cies ω. Closure for the heat release rate fluctuations is
then provided by the following expression:

Q̇′

Q̇
= e−iωtF (ω)

u′
1

u1
. (16)

Thermo-Acoustic Stability Analysis
Results obtained with Gaussian Time Delay
Distribution

Before exploring the effects of premix nozzle geom-
etry on time delay distribution and combustion sta-
bility, a few basic results and general trends concern-
ing time delay distributions, fuel transport frequency
response and system stability are presented and dis-
cussed. For this purpose, we assume without essential
loss of generality a Gaussian distribution of time delays
with mean µ and standard deviation σ. The absolute
value and phase of the fuel transport frequency re-
sponse F (ω) corresponding to Gaussian distributions
with varying mean and width are shown in Fig. 5. The
left plot shows the absolute value |F (ω)| as a function
of the standard deviation σ normalized with the pe-
riod 2π/ω = 1/f of the oscillation. The magnitude
of the frequency response (the ”gain”) decreases with
increasing spread of the time lag and indeed vanishes
once the standard deviation is equal to or larger than
approximately one half of the period. Note that |F (ω)|
does not depend on the mean value µ. Conversely, the
phase arg(F ) (right plot in Fig. 5) does not depend on
the standard deviation, while it decreases by 2π, when
the mean value increases by one period of the oscil-
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Fig. 6 Cycle increment (——, left axis) and fre-
quency (- - -, right axis) of the dominant instability
mode vs. standard deviation σ of the fuel time lag
distribution. Assumed was a Gaussian time lag dis-
tribution with a mean value µ = 1.87 ms (or µf0 =
1.65 corresponding to the circular premix nozzle
geometry.

lation. This expresses the well-known fact that with
increasing time lag, heat release fluctuations go in and
out of phase with respect to combustor acoustics.2,3, 17

How do the changes in fuel transport frequency
response with mean and standard deviation of the
fuel time lag affect combustion stability? Solving the
characteristic equation of the homogeneous system of
equations (1) - (7) representing linear acoustic wave
propagation and transmission for the combustor shown
in Fig. 4, Polifke et al. identified a dominant az-
imuthally symmetric instability mode with a frequency
f0 near 880 Hz.17 The mode was very strongly unsta-
ble; a cycle increment1 of 0.4 was found. This was
judged to be unrealistically large and attributed to
the neglect of loss mechanisms, e.g. Borda-losses at
the area expansion, in the model formulation used.17

With the present model formulation, which includes
Borda-losses and convective dispersion of injected fuel,
more realistic values of the cycle increment below 0.1
are obtained. Cycle increment and frequency of the
dominant instability mode computed with Gaussian
time lag distributions are shown in Figs. 6 and 7
for various values of standard deviation σ and mean
value µ. In these and the following plots, the fre-
quency f0 of the dominant mode computed without
convective dispersion of fuel (σ → 0) is used for non-
dimensionalization. The decreasing gain of the fuel
transport |F (ω)| with increasing width of the time lag
distribution significantly reduces the cycle increment

1The cycle increment is defined as exp{−�(ω)/2π�(ω)} − 1
and equals the fraction by which the amplitude of an infinitesi-
mal perturbation grows during one cycle. Negative cycle incre-
ments indicate stability.
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Fig. 7 Cycle increment and frequency of the dom-
inant instability mode vs. mean value µ of the
fuel time lag distribution. Assumed was a Gaus-
sian time lag distribution with non-dimensionalized
standard deviations σf0 = 0 (——), 0.1 (- - -) and
0.2 (— — ). For the frequency ( · · ·, right axis),
only the case with vanishing standard deviation is
shown. The CFD results presented above yielded
σf0 = 0.22 − 0.28 for the circular and the strongly
elliptical case, respectively.

and indeed stabilizes the mode for standard devia-
tions corresponding to 15 % of the oscillation period
or larger. The frequency f of the mode depends only
weakly on the standard deviation.

A strong sensitivity of the eigenmode’s frequency
and stability to changes in the mean fuel transport
time is shown in Fig. 7. If the time lag distribution
is very narrow (σ → 0), the cycle increment increases
from -0.5 to 0.1 while the mean value µ varies by one
half of the oscillation period. The frequency changes
by more than 10 %. With increasing standard devia-
tion σ, this sensitivity is less pronounced and indeed
vanishes for σ > 0.5 (not shown).

The results of stability analyses making use of Gaus-
sian distributions of the fuel transport time lag confirm
the conclusions of earlier studies:2,3, 6, 16 combustion
stability is very sensitive to changes in the mean value
of the fuel transport time lag, while an increase of the
width of the time lag tends to stabilize unstable modes.

Impact of Nozzle Geometry on Combustion
Stability

It was shown above that for the generic combustor
design investigated, changing the premix nozzle geom-
etry from circular to elliptic resulted in a distorted
flame shape and a wider time lag distribution with
smaller mean value. The fuel transport frequency re-
sponse for the three geometries investigated is shown
in Fig. 8. It is seen that the gain |F (ω)| is significantly
reduced for the elliptical exit geometries, in particular
so for higher frequencies, while the phase changes more
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Fig. 8 Absolute value of the fuel transport frequency response function |F | computed from particle
arrival time histograms obtained with premix nozzle aspect ratios a:b = 1 (left), 1.5 (middle) and 2.0
(right). Shown is also (– – –) the response function |F | computed from Gaussian time lag distributions
with identical mean µ and standard deviation σ, see Table 1.

rapidly.

Near the dominant eigenfrequency f0 ≈ 880 Hz of
the combustion system, the gain is approximately 0.6
for the circular geometry, while it is around 0.4 and
0.2 for the elliptical premix nozzle outlets with a:b
= 1.5 and 2.0, respectively. This reduction in gain
stabilizes the combustor for the network model inves-
tigated: while the circular geometry was computed to
be unstable with a cycle increment of 1.7 %, the two
elliptic configurations are stable with cycle increments
of -4.7 % and -12.4 %, respectively.

Returning to Table 1, we notice that the standard
deviation of the fuel time lag increases from 0.24 ms
(σf0 ≈ 0.21) for the circular geometry to 0.32 ms
(σf0 ≈ 0.28) for the strongly elliptical one with as-
pect ratio a:b = 2. Similarly, with mean values µ ≈ 1.8
ms corresponding to a non-dimensionalized mean value
µf0 ≈ 1.6, Fig. 7 indicates that also the reduction in
mean time lag observed with increasing aspect ratio
a:b of the premix nozzle geometry should have helped
to stabilize the combustion instability. However, the
reductions in cycle increment computed are stronger
than the differences in mean µ and standard devia-
tion σ would suggest – again, see Figs. 6 and 7 –
particularly so for the geometry with aspect ratio a:b
= 1.5. For this case, the mean and standard devia-
tions determined from particle tracking hardly differ
from the reference case, while gain and cycle incre-
ment are significantly reduced. Deviations of the time
lag distribution from the Gaussian shape, i.e. the
higher moments of the distribution, account for these
discrepancies. To emphasize this point, the gain |F |
computed with Gaussian distributions is also shown
in the gain plot of Fig. 8. The results for the cir-
cular geometry (left graph in the Figure) show that
indeed the frequency response computed with time
lag distributions determined through particle tracking
can be quite different from the one determined from
a Gaussian distribution with identical first and second

statistical moment.

Summary and Conclusions
The impact of premix nozzle shape on combustion

stability in a geometry representative of an annular
low-emission combustor has been investigated by a
combination of analytical and numerical means. The
flame shape obtained with elliptical premix nozzle ge-
ometries of increasing aspect ratio has been computed
using a standard stationary Reynolds-averaged formu-
lation with Reynolds-Stress and TFC models for the
turbulent reacting flow. From the velocity distribution
and the flame shapes computed, the distributions of
the fuel transport time lag have been determined by
Lagrangian particle tracking. Using a mathematical
formalism popular in system identification, the corre-
sponding fuel transport frequency response F (ω) has
been computed and used to achieve closure for a linear
acoustic model of a compact premix flame. Using this
model for the flame dynamics in a network model of
linear acoustic wave propagation and transmission in
annular geometries, the impact of nozzle shape on the
thermo-acoustic stability of the premix combustor has
been explored.

Corroborating the result of an earlier study,6 it has
been found that a wider distribution of time lags - a
larger standard deviation σ – will in general reduce the
cycle increment of an unstable mode and eventually
stabilize it. The mean value µ of the time lag distri-
bution has also a very strong influence on combustion
stability, but it is not possible to find out whether,
say, an increase in the mean time lag will suppress or
enhance combustion stability without detailed analy-
sis of the relevant phase relationships.17 The reason
for this more complex behavior is that with increasing
µ, the fluctuations of heat release due to fuel inhomo-
geneities go alternatingly in phase and out of phase
with combustor acoustics, promoting or suppressing
combustion instability, respectively.2,3, 6, 16,17

For the configurations investigated, the elliptical
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premix nozzles geometries produce wider time lag dis-
tributions with smaller mean values than the circu-
lar base configuration and are more robust against
combustion instabilities. Comparison with results ob-
tained using presumed time lag distributions of Gaus-
sian shape suggests that the reduction in mean time
lag µ in this particular instance also contributed to the
suppression of the combustion instability. Of course,
the increased width of the distribution promotes com-
bustion stability in any case.

Note that in this study, the effects of the ellipti-
cal geometry on the formation and growth of coher-
ent structures7 and in turn the effects of coherent
structures on combustion instability8,12 have not been
considered. Indeed, the results obtained in this work
suggest that the beneficial effects of non-circular nozzle
geometry on combustion stability5 are not a conse-
quence of the reduced growth and strength of large
scale vortices observed in non-circular jets. Instead, it
may well be that the changes in flame shape and fuel
time lag distribution are the dominant influences. Fur-
ther investigations are needed to refute or substantiate
these conjectures.

In this paper, we presented a combined numerical /
analytical method for computing the fuel transport fre-
quency response of a premix nozzle as the z-transform
of the unit impulse response )h of fuel injection and
consumption. This novel method is of course in its ap-
plication not limited to the scope of the present inves-
tigation. For example, other passive control methods,
e.g. staggered fuel injection or use of non-identical
burners within one combustor, can be investigated
with this technique.

Nomenclature
Upper Case Letters
A Cross-sectional area [m2]
F Fuel transport frequency response [-]
L Length [m]
Q̇ Rate of heat release per unit area [W/m2]
M Mach number [-]
T Temperature [K]

YF Fuel mass fraction [-]

Lower Case Letters
a Major axis of ellipse [m]
b Minor axis of ellipse [m]
c Speed of sound [m/s]

cp Specific heat at constant pressure [J/kg-K]
cv Specific heat at constant volume [J/kg-K]
f0 Frequency of dominant eigenmode [Hz]
f Downstream Riemann invariant [m/s]
g Upstream Riemann invariant [m/s]

gcr Critical rate of strain [1/s]
)h Fuel transport unit impulse response [-]

hk Width of bins in time lag histogram [s]
kx Axial wave number [1/m]

k⊥ Perpendicular wave number [1/m]
l Length [m]

lF Flame stand-off [m]
ṁF Fuel mass flow [kg/s]

p Pressure [Pa]
t Time [s]
u Velocity [m/s]
x Spatial coordinate [m]

Greek Letters
α Area ratio A2/A3

γ Ratio of specific heats [-]
δ Dirac function [-]
ζ Pressure loss coefficient [-]
Θ Temperature raise coefficient [-]
λ Wave length [m]
µ Mean value of time lag distribution [s]
ξ Ratio of specific impedances [-]
ρ Density [kg/m3]
σ Standard deviation of

time lag distribution [s]
τ Time lag [s]
φ Equivalence ratio [-]
ω Angular frequency [1/s]

Subscripts and Accents
′ Fluctuation
0 Burner plenum
1 Location of fuel injection
2 End of mixing tube
3 Beginning of combustion chamber
4 Upstream of flame
5 Downstream of flame
6 Choked exit
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